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A REFINED STATEMENT OF DYNAMIC PROBLEMS

OF SANDWICH SHELLS WITH TRANSVERSELY SOFT CORE
AND A NUMERICAL-ANALYTICAL METHOD

OF THEIR SOLUTION

V. A. Ivanov and V. N. Paimushin UDC 539.3

1. Introduction. In analyzing the strength of sandwich shells with transversely soft core, one often
encounters the problem of determining both the lower modes of free vibrations, which are described with
sufficient accuracy by approximate models neglecting transverse deformation of the middle layer, and the
higher modes of vibrations, accompanied by thick wave undulation at the facings and transverse deformation
of the core. To describe the latter modes, it is necessary, as a rule, to use refined relations of the sandwich
shell theory, taking into account the transverse deformation of the core.

Of the known variants of such relations, the simplest ones are based on a linear approximation of
displacements in the middle layer within the framework of the transversely soft core model; they have been
studied in detail in many papers (for example, in [1]). However, the accuracy of these relations appears to be
insufficient for a relatively small value of the parameter r characterizing the ratio of facing thickness to core
thickness and for investigating the free vibrations of sandwich structures preloaded with static forces producing
a bending initial stress-strain state (SSS). This conclusion follows from analysis of the papers dealing with
the stability of sandwich shells with transversely soft core under a bending SSS. Refined equations for the
statement of such problems have been derived in [2].

It should be noted that for small values of the parameter r and with loss of stability accompanied by
thick undulation of waves, and also when the high-frequency modes of vibrations are realized, the solution of
the corresponding problems by numerical methods encounters serious difficulties since fine grids are necessary
for approximation. Therefore, elaboration of mixed methods of their solution, based on analytical methods
coupled with numerical ones, is expedient.

In this connection, we propose here a generalization of the relations derived in [3] for describing
of dynamic processes in sandwich shells having transversely soft cores. We also take into account finite
displacements of the facings in a quadratic approximation. Linearization of these relations in the neighborhood
of a certain bending initial SSS is used to obtain refined equations to determine the dynamic characteristics
of structures uuder initial static loading. By introducing simplifying assumptions which do not allow loss
of the number of determining parameters, these relations are reduced to a lesser number of equations in
determining eigenfrequencies, which are exact for plates and shallow shells and asymptotically exact for the
higher vibration modes of nonshallow shells. An approximate analytical solution to these equations is found,
which permits a mixed numerical-analytical algorithm for determining dynamic characteristics to be realized.

2. Displacements and Strains of a Sandwich Shell. To derive the equations of motion of sandwich
shells of general form, we will use the basic relations and notation of [2]. In terms of the model of [2] for
describing deformation processes in the layers, the Kirchhoff-Love hypotheses are used, on the basis of which
the displacements of the kth layer for the moderate bending of the midsurface o(;) are determined by the
known formulas

u;® = u® - z0®) B = ), (21)
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where u( ) and w® are the tangential displacements and deflections of the midsurfaces o(y), and w,(k) are the
angles of rotation of the elements normal to a(;), calculated by the formulas

k) Viw® + b{u&k).

For the components of the tangential strain tensor in terms of (2.1), the following formulas are valid
for moderate bending:

k) _

e = +z(k)ae(k) 2 = e 4 e 1 L),

1 )
(k) =V; u - b.','w(k), 2392;‘) = —ng}k) - ij,(k)

(E(k) and a'e( ) are the covariant components of the tensors of tangential strains and of o(xy surface curvature
changes)

To describe the SSS of the low-stiffness middle layer, we will use the refined model of a transversely
soft core [3]. It can be shown that in terms of this model and using the estimates established in [3] for dynamic
processes characterized by frequencies w satisfying the condition

w? < G/(pH?) (2.2)

(G and p are the characteristic transverse shear modulus and the density of the core, respectively, and H is
the thickness of the sandwich shell), the SSS of the core is described with the adopted degree of accuracy by
the equilibrium equations given in [3]. Then, for the components of the vector of displacements of the middle
layer, we have

wt(l) + w§2)

2 3
S PR e e SRR ¢ W ¢) z >vv3q ( )Viﬂs_ .
Ui = wi+ 2digg® — 2 2L =l w,)+(3 he) g+ (G +he) 50 — Vi,
Us = 5 4z 5% - 3F, Vig' - B3 + As.

The displacements u; and the deflection w of the points of the core mldsurface o appearing in these
formulas can be expressed in terms of displacements of the layer midsurface points and transverse shear
stresses ¢':

w +ul® (2t + Rl — (2t + )l
2 4
wl®) £ @ p2

_ i
w= 5 +3E3V,q + 8,

U =

+ Oi’

following from the kinematic conditions of the layer coupling.
3. The Equations of Motion. Boundary and Initial Conditions. To obtain equations of sandwich
shell motion, we use the Ostrogradskii~Hamilton variational principle

§L = / (6T — 61) dt. (3.1)

Here, T is the kinetic energy of the system and I is the potential energy whose variation is determined in [3].

To evaluate the variation of the kinetic energy of a sandwich shell, we will neglect, in accordance
with [1], the rotary inertia of the normal elements of the layers with respect to their midsurfaces and also
the inertia associated with shear deformation and transverse deformation of the core in comparison with the
inertia associated with the midsurface displacements. Then,

ui\? [Oug u(lk) 2 ugk) 2 8wk 2
Lol G+ GV 3 ol G ) o 0
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where m) and m3 are the masses of the facings and core, respectively, per unit areas of the corresponding
midsurfaces o) and o, and t is the time.

According to the Ostrogradskii-Hamilton principle, the variations of the displacements and the angles
of rotation of individual layers of the shell vanish for ¢t = ¢, and ¢ = ¢; when the states of motion are compared
for the fixed values of ¢; and ¢;. As a result, after the traditional transformations and simplifications mentioned
above for the variation of the kinetic energy (3.2), we obtain the expression

t 73 2 2 -

. m3h*Vw )
/ §Tdt = — / { // [Z(sz)5u£k) + Qfyw™) — ——33E3—36q’]da
ts ts .4 k=1

_os / [22:(2t + R)itin' 8y 60®) — ﬂa) n;é "] ds } dt (3.3)
s ® e 3B ’ :
where
1 mat; . ma /. 2+ h
sz) m(k)u( ) + ; : , Q:(;k) = m(k)w(k) + —5:}- (w;; + —— ( ) 5(k)V:u )

3.4
oM 4 a® " (3.4)

by = ————+F, bwy=(-1) (k=1,2),

and the dot at the function the denotes derivative with respect to time.
Using the variation of the potential energy 61 given in [2] and the variation of the kinetic energy (3.3)
just obtained, we write the variation of the integral (3.1) in the form

0= 7 < S(LE - GB)ow

{3 [0 -0+ 0 - et
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a® G g +h .
+(<I>£,’i’— = — Sfyni + —o + = —msiiin 5(k))5“’(k)
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Qualitative analysis of Eq. (3.5) shows that, in accordance with restriction (2.2) imposed on the dynamic
behavior of the structure, the terms containing the factor mj in explicit form are small compared with the
other terms and are ignored in the following investigations.

By virtue of the arbitrariness of the variations Gu(k) sw®, §¢* and adopted assumptions (2.2), a system
of eight differential equations of motion follows from (3 5), which can be written in the notation of {2] as

Fiy = Vil — Sibt + Xy + 483 = Q.

: E36 E
fiy = Vi + (k)bu + X0y + = ( L (w® — w®) — g3) = Qtyy» (3.6)
2h3
pi=uf) —ul? — (¢ + )V - (te) + B) w'@) + 2hdisq’ — A ViVsq® + Vimr = 0.
Here,
) h
S(k) =V; M T(k) i (Jk) +{tky +h)g, mr= / a3Tzdz. (3.7

For the specified forces ‘I>$.k), (Ds,k), and 8% and moments L and LY applied to the boundary sections
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ey of the midsurfaces of the facings, various combinations of boundary conditions can be formulated on the
basis of expressions appearing in the contour integral of the variational equation (3.5):

T = o), it sul® £0,
TH = k) it u® 0,
4 (¥) (3.8)
Sikyni — 4Gt =k _ dj;", it sw® 40,
GH = ®), it w0,

g'n; = 0, if there are no external forces applied at the contour of the core or Vs¢° = 0, if the boundary section
of the core is fixed.
Moreover, the following static conditions should be satisfied at the corner points of the facings:

GR=1® it su® 0. (3.9)

To integrate the equations of motion (3.6), in addition to kinematic and static conditions (3.8) and
(3.9), we have to specify the initial conditions at t = 0:

u = o, W =0 i = o, o) = o), (3.10)

where v(k), v§k , agk), and a;(sk) are the specified displacements and velocities of the facings.

The system of differential equations (3.6) and kinematic relations (3.8)—(3.10) are to be complemented
by physical relations for the facings. If they are subjected to thermal loading, the relations for the case of
linear-elastic deformation assume the form

® g
T8 = Brel- 1, M) = Drail- M,
where B('k;" = 2E(”L;" k), E k;" = 2E8£" (/3 Ez,’c;" is the four-valent tensor of the elastic constants of the

material, and T( iy and M(Ik) are the two-valent tensors of internal temperature forces and moments.

4. Linearized Equations of Motion for Shells of General Form under Initial Static Loading.
In practice, as a rule, three-layer elements of a structure experience certain dynamic loading after they are
subjected to static loads. Therefore, one of the stages of their strength analysis consists in determining the
dynamic characteristics (frequencies and modes of vibrations), which can be studied on the basis of linearized

. . . . (k) ( *g
equations of motion. To derive such equations, we assume the total displacements {t,- and w ~ and stresses 4

to consist of the static displacements u( Jand w® and stresses ¢' describing the transition of a shell from the

undeformed state to undisturbed, static, deformed state, and infinitesimal additional dynamic displacements
k k) i .. . . .
&f ) and 1%( a.nd stresses q determining the transition to the disturbed state. Moreover, the specified forces

X(k), X(k)’ ok 3% and %) the moments M(.k)v G® and G¥, and the temperature distributions in
the layers T(®) and T are assumed to be independent of time. Then, linearizing the basic equations in the
neighborhood of the static deformed state, we obtain a system of linearized equations of motion:

}(jk) =V; f?'(il.) S(k) b+ ¢ 5(k) Q(k), f(k) =V; S(k) +T(k) bij + f;: 2@ _ °(1))5(k) = é?k)’
fip = 1 =8 —(2) + B) S ~(13) + h) S +2hd;, § -z—hé;v V.8 =o. (1)
Here,
Tty = Bl @0 +800 +00 o) + 6B w®) 2, by = DNV +Va8P) 2,

[-¥] 0 i 1)
Sy = Vi Mgy + Ty + T(k) o+ + 0T,
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[-X} 03
while Q) and Q) are defined by relations (3.4), where

8% 0% [u) 42l (@t + RO —(2te) + h) O 2w & oM ya?
T a2 2 4 ’ otz ot2 2

(4.3)

The boundary conditions corresponding to derived equations (4.1)-(4.3) have the same form as
conditions (3.8) and (3.9), provided

o) = o) = o) = LY = LY = 0.

As before, initial conditions are written in the form of (3.10).
5. Simplified Linearized Equations of Motion. We assume that during vibrations of a shell the
deflections of the facings w(¥) prevail and the following estimates are valid:

0 1
Viv om T n
where X is the characteristic wavelength.
When A ~ H, it can be established that the relation below is valid

5 v ),

which is known in the shallow shell theory. Moreover, the terms §Ek) b‘: can be omitted in Egs. (4.1). As a
result, they take the form

oj ¥ oj %]
Foy = ViTwy+ 9 o0y = Quays (5.1)

while the other equations of the system (4.1) remain unchanged.

Another limiting case is observed for vibrations accompanied by the appearance of long waves A ~ L,
where L is the characteristic dimension of a shell. Moreover, the transverse shear stresses g in the core have
a small variability-characteristic, which enables us to establish the estimate

Viv,& ~ ¢ /L2 (5.2)

Since hty/L < 1 for such shells, the terms (5.2) can be neglected in the last equation of system (4.1), which
makes it possible to solve it for §':

o A% [&gz) - &El) +(tay +h) ‘?’51) +(t@) + k) ‘?’Ez) ]

§ = - . (5.3)

oi ot <] 03
In the case under consideration, the form of the equations fu) = Q) and fx) = Q) remains

unaltered, but the unknowns g appearing there can be eliminated with the help of relations (5.3) and expressed
in terms of the unknowns u( ) and w(k)

The extremely sxrnphﬁed hnea.nzed equations of motion are obtained from system (5.1) with relations
(4.2) in which the “deformation” parametric terms are omitted, i.e., when (?Jsk) = 0. Then,

o5 045 ™ o j
fy=Vi T(;:) +9 bay = Q)
E35 k
f (k)—vtV.IM(k)+T(k) bv+QT(k)V V,; 6" 17,00V, T(k) (ty+R) Vi &+ )(0(2) oV)= Q(k), (5:4)

o3 2h,3

fri= 40— 8P (2 + B)V: 0N —(t(g) + h)Vi0 D +2hd;, 4 ~35; W4 ' =0,
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where V2 is the Laplacian operator for general coordinates and

oi & ms 2ty +h) 0 — (2(2)+h) 9
&l = at2{m(’°)"()+4 w50 _y; Ztarth) 2( @+h) ]

03 62

U = 5 <mm B0+ { o+ + (21 + 1) (5.5)

y [V;’ &gl) + &Sz) _v? (2t(1) + h) i —-(2t(2) + k) &(2)]5 \ .
2 2 (%)

6. Equations for the Investlgatlon of Flexural Vibrations of Shallow Shells. These equations
can be obtained from (5.4) and (5.5) with ii( ) = 0. Here, the inertia terms Q(k) and Q(k) take the form

Q=@ = 8 [(2t(2) + )V — (2t + h)viﬁ’(l)] 2 (6.1)
0 (3)

. m3i.. .
Qu = muyd® + - [“’(1) +3 + (2t + BV

(2t2) + )o@ — (2 + R)HD
- 5(k)].
From now on the superscript o on the function is omitted and then introduced to denote the characteristics
of the SSS which refer to static deformation.

Considering shallow shells, we identify, in what follows, curvilinear coordinates z! and z2 with Cartesian
orthogonal coordinates z and y, which enables us to set the coefficients of the first quadratic form of the
surface o equal to unity. Moreover, the components of the second metric tensor have the form b;; = —1/R;y,
bi2 = 0, and b2 = —1/R3, provided the z and y directions coincide with the directions of principal
curvatures. In the given coordinate system the following relations are valid (R; and R: are the radii of
principal curvatures):

N

T = B, M= -Df el 52)

I N NI N I
oz Rl 8y Oz 6y Rz
S P® gy Pe® 9t (6.3)
LT g F2 T “9z0y w2 = oy? -
Let us assume that the principal directions of anisotropy in the facings of the shell are orthogonal
but do not coincide with the z and y directions. Then, it is more convenient to introduce the constants czi)

ijsn

defined in [4] instead of the elastic constants B(3y" by the formulas

1111 1221 _ 1121 13 2211 __ 1122
Biy' =<y, B =By =cdy, B =By =< 64
1221 33 1222 __ p2221 23 2222 _ .
B =<y, BE =B =< BE =<

For a transversely soft core in the chosen coordinate system, the elastic constants are defined by the
formulas A" = Gy, A'? = G2, and A% = Gy, where Gij can be expressed in terms of the transverse shear
modulus G13 and G33 of the core. Moreover,

diy = GG—Z:, diz = d21 CZ;:, dp2 = %l},

Use of relations (6.1)-(6.5) enables the system of equations (5.4) to be transformed to a system of

eight differential equations for unknowns u( ), w®), and ¢*, which can be reduced to two resolvent equations
for the deflections of the facings. To this end we will substitute the forces and moments (6.2), together with
(6.3)-(6.5), into Eqs. (5.4) and (6.1). Moreover, in all the following calculations we will assume that the values
of the elastic and rigidity parameters, as well as the curvatures, are constant. After transformations consisting

Gs = G11Ga — G2,. (6.5)
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(k)

in solving Eqgs. (5.4) for tangential displacements u;’, as was done in [5], this system for each of the facings

becomes
2 1
Vigul) = Vi PO + VPP, Vigud) = -VigP® + VP,
t3
k 3
5 VimLayw® + Vigo® = Vi (Ze - P), (6.6)

where the following notation is introduced:

for the operators
Vi = b o + 280 o+ B s Vi = o ey + (6l + ) o + B
Vit = <th : 7 + 2¢(i) 363 + i aa 5 Vin= a(k)(R;;z“ + 1212122 aa:?;yz + R?(;y'*)
Vit = o s 208 s+ ol +280) g+ s+t e,

I _Clla_4+4l3 o* 22, +2¢33) o* 42 o , 0
() = ) gza T4k g3, T A T2 Graga T 555 T C ® 301 Ear

for the elastic constants a( which are the cofactors of the determinant lc(k)]

Ak = |C(k)|§
for the parametric term
011 azw(k) 012 azw(k) 022 azw(k)
Z(k) = T(k) —5-;— + 2T(k) m‘y— + T(k) —6—172—; (6.8)
. . . E; .
Bl = Qi = ¢'6p, Py = 55 (0 = wD)o) + (b + B)Vid" — Q- (6.9)

In deriving Eqgs. (6.6), the terms containing the shell curvature as a factor were omitted by virtue of
the shallowness of a shell.

Proceeding to further transformations, we express ¢* in terms of the displacements of a shell. From
Egs. (5.4) (i = 0), we find

= (6 e 21 22) o (o 5 ) (22,

3E3 Oy? oz 3E3 dz dy Oy
\ v h*Gs 0 w h°Gs O ow
Vit = (Ot 55, 7o) (4 32) + (0~ 55 ) (4 35)
12+ 55— 36; 820y + e + { G22 3E; 3y v+ 9
Here,
u= up) —uf? - ug) — uf? v ot R)ywD + (¢(2) + h)w®
2h ? 2h ’ oh ’
=2 B2 _, . 52 & 92 (6.11)
V.=1—- — = 9 )
L] 1 3E; V3 ’ Vs Gu 9z a3 + G12 a a + Goy —= ayz

Substituting Egs. (6.9)-(6.11) into (6.6) and performing certain transformations, we pass from the
system of eight differential equations to a system of four differential equations written for four functions u, v,
and w®) introduced above:

aw) h*G, 8 (au 6v)]

e ow _ kG5 0 (Ou v
2hV, Vz(l)vz(z)u = (VI(I)VZ(Z) + V,(z)vz(l)) [Gl] (u + _’) + + G12 (U + ay 3E3 ay ay oz

0
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Oow 9 h2Gs 0 (Ou O
(sz(l)vz(Z) + sz(Z)vz(l)) [Gn (u + —) + G2z (v + w) +— (_u - _3)]

7] 7] 3E3 8z \dy Oz
+ (Vi Vi — VE(Z)V:(I))V Q' — (Vi,yVie) - V::y(2)avz(l))v 2Q ) (6.12)
=2 4 Ow w\ , h*Gs 3 (Ou v
2hY, Vi Vi = (Vi Vie) + Vi V) [Gm (u + 6_) + +G2 (v + ay) 3E, 32 (@ ~ 5;)]
ow ow R*Gy 8 (Ou B
—(VimVie) + Vi V) [Gn (u + —5—) + G2 (v + 6y) T E; 55(@; - %)]

— =2
—(ViyVie) - ng(z)Vza))Vs Q'+ (Vi Vi) — Vi Vi) Vs @%

th =2 =2 E;
2 Vi Loy + 9, Viyu® - T Vi, [Z(")+2_h(w(2) —w® )'Q?n] =
0 a a 8
(t(k)"‘h)vz(k) [V w+ (Gua +G128 )u+ (Gzza +G'12a ) ] (6.13)

Expressing u and v in the system of equations (6.12) in terms of w and substituting them into Egs.
(6.13), we arrive at a system of two resolvent equations for the investigation of flexural vibrations of a sandwich
shell, which are written for deflections of the facings:

t2 % E
( B) Ly + 2L ) ® 4 2300 — @Yo — Zay — (t) + ) Pyw
3 Vig 2h

~(1 .
G _—{ W+ 2 — 2ty + h)o v [(Zt(l) + oD (2t + h)w(z)]

4 4
2t R)w® — (2t R)o)
+(t(k)+h)Pw( (2 + h)o - (2t + h)w }= (6.14)
Here, formal notations are introduced to denote the operators
Ps —_ VS? - Gst
v: - Glle + 2GIZLzy - G22Ly + Gs (La:Ly Lzy + Lz)
7 81(8L, 0L,
(VE—GSLZ)PFPS{ [(Gu-6iL,)5+ (Glz—Gsny)@] (5= - —a—y-y-)+
d d01(0Ly, 8Z,y)
+ [(Gn - GuLa)5+ (Gra = Gsny)b;] (‘37 = (6.15)
where
L(Vio, Vo) 7 -1 (Ve _ Vie Ly , Lg
L ( p + L4 ), L=——( n)_ P ), L,= ( + ), pP=2z, 2y, ¥ (616
P %k Vio Vig P72k Vioy Vi *T 2% Vi Vi )

Operators (6.15) and (6.16) are operators with constant coefficients containing only even derivatives
with respect to the coordinates z and y. Therefore, we will use the following property:
o+ o
— = (=1)+D 2 I 17
ozt ay 7 ( ) a ﬂ (6 )

where the sum ¢ + j is an even quantity and « and § are parameters characterizing the variability of the
functions along the coordinate lines.

We point out that the equations derived here are exact for investigating bending modes of vibrations
of plates and shallow shells with constant curvatures and asymptotically exact for the analysis of the higher
modes of flexural vibrations of nonshallow shells.
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7. An Approximate Solution to the Problem of Natural Flexural Vibrations of Shallow
Shells Preloaded by Static Forces. Exact analytical solutions to Egs. (6.14) are unknown for the general
case. Assuming that the eigenfrequencies of vibrations w depend upon boundary conditions insignificantly, we
restrict ourselves to an approximate description of the modes of vibrations in the form

w® = W) cos (m;“ + %3’-) exp (—iwt) (7.1)
for plates and panels or in the form
w®) = W) cos [m(0 — 8o) + nf]exp (—iwt) (7.2)

for shells of revolution closed in the circumferential direction 3. Here, Wf(,f), is the amplitude of deflection of
the kth facing, m and n are the numbers of halfwaves of vibrations in the directions of z and y for plates and
panels or in the directions 6 and J for shells of revolution, @ and b are dimensions of a plate or a panel, and
B¢ is the cut angle of the shell of revolution.

We note that functions (7.1) and (7.2) satisfy condition (6 17) and are exact solutions to Egs. (6.14),

provided the forces corresponding to the initial stress state T(k) and appearing in the expression for the

parametric term Zy are constant. Otherwise (T(k) # const), Eqgs. (6.14) can be integrated by the Bubnov-
Galerkin method. After certain transformations we write the result of the integration as

(Usymn = MENWEL + (Prn — S MENYWE) =0,

(7.3)
(Pmn — 0 MEDYWE) + (O ma — W' ME)WE, = 0,

where notations resulting from the following operations are introduced:
(1) Transformation of the corresponding differential operators (6.7), (6.11), (6.15), and (6.16) appearing
in Eqgs. (6.14) into the algebraic ones:

¥ = c(k mt + 4c(k)m nA + 2(c(k) + 2c(k))m 202 4 4c k)mn3/\3 + ) Zntat,
A(k) = a(k)m - 2a(k)m ni 4+ (2a(k) + a )m n?A? — 24} (k mn3/\3+a(k)n4/\4,

; 2 . cm? 4 2¢2 mn) + 22 n?)?
Afp = m? +2g1,mnd + gpn®22, LY = 37 (-1)H0-9) @ (k) (k)

1
mn et K(k)Ag-izg ’
11,2 12 33 ,.212
(2,) _ Z( 1)"(1 —i) SB™ +2c(k)mnz\+c(k)n A ’
mn
K(k)A%’fL
33 23 ,,212 k
L® Z( 1)k(1 i) c(k)m + (C(k) + c(k))mn)‘ + ¢(iyn A s = 22: L®
3mn K A(k) ’ mn = K A(k) ’
(k)Smn k=1 fA(k)Omn
T =1 + 47‘(1) AS s A:nn + -q-’L:nn
n mns mn = — E)
" SO(I)K(I) A:nn"'Lgln)'m_2918Lgv)m+923Lgr)m+ae~’L, +93(Lgln)m %ln)m_Lglrzgz

(Amn + g-’L.r,nn)P:m =P:‘m{[(gs'[’g1)m + l)m + ngLi(il;r)mn’\](L(lzn)m Lgr)m ’\)

+ [(g-’len + gzs)n’\ + (gsL:(}lrzm + gl-’)m](Lgr)m Lg?mm)}i

Esr 3P¢ T(1)
P [..____._"‘“ 14 2ry)(1 + 2r9y) — 1],
™ = %  Rayere T @) )
Dyt (m + 6n2/\2)2 P(k) E 3P5.(1 4+ 2r; )2
02 = 2T [L(k) (m o A7) L 20 @) 4 3Fme (*) ]
mn al m c%k) Aﬁ,’i?, 2 2K (k)
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2 2
m3 tk ™
M) = mgy + —4—{1+(1 + ) =1+ )M\ + (1 + 2T(k))P#iu5(k)]},

m3 tnite w2

M) = e {1 -1 +rg) -Q)-(;(z)—[(l +r) A, + (1 + 27‘(1))1’1‘;'.,:]},
nie 72

M) = T2 {1 = (1) AT (14 )AL, = (14 20 Pl

(2) Nondimensionalization of the geometrical parameters of the structure in accordance with the
formulas

a Ry h
A= - §=— T = —;
b’ R’ BT 2y
(3) Nondimensionalization of the physical and physical-geometrical parameters of the structure
A _ _Esdt Byr®h  _ Gis _ gy

W= Baagy "W T D TOT w6 T e T T ek BT TN

where Bz, is the effective extensional rigidity of the kth facing;
(4) Integration of the parametric term Z(k) from (6.8) in dimensionless form:

Here,

b ..
/Io"a) cos? (mﬂ.x + "_:2) dz dy (7.5)
0
for plates and panels and

2R? P T oo

'J et J 2

By = D(k)wf)o { /T(k) cos’[m(0 — 6o) + npB]df dS (7.6)
-6y -7

for shells of revolution.
It should be noted that when T(k) # const, it follows from (7.5) and (7.6) that

O‘IJ

i] _ T(k) a?

By = D(k)7r2 for plates and panels,
Tty B

‘i Bl ) for shells of revolution.

& = "Dy

Using the condition of a nontrivial solution to system (7.3), we arrive at a quadratic equation for
determining w? (frequencies of free vibrations), the roots of which have the form

wiz = Amn = V A;znn — Bma, (7~7)

1 ‘Q(l)mann + Q(Z)mn 1$n1)t - (M(+) M,(n_n)) .
2 MO @D ) M,(n ) ’

where

Amn =

_ +) A (=
B = Q%l)an%Z)mn— 7(""') 7("“)

T MM - MM
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When the shear stresses ¢* vary slowly along the coordinates, which occurs during vibrations with long
waves A ~ L [1], one should take &, = 0 and A,,, =1 in order to calculate wfy.

When only cophased modes of natural vibrations [1] characterized by W = W = Winn are realized
in the structure, their frequencies are calculated by the formula

2
W = ﬁ(1)mn + Qo)mn
Mpn ’

which is obtained from (7.7) as @) — co. Here,

- Dyt m? + §n2)? 3P, r 2
Dy = 20 [10, ¢ (20T iy B (1700 g V),

chyALh Koy \'
0, = 20 [Lm +(_mﬂ*_2)_ 1@ 4 3Fma < LTy g )’]
@mn = gt e ety Ay Koy \" g O
2,2

Mpmn =mq) + m) + m)y + 2 (ta) = tey) [(ta) = ta)Vam + by + ) + 2R)PL,].

The relations for wl 5, (7.7) given above imply the following structural formula for determining
eigenfrequencies of vibrations:

2
a4m(1)w1’2

Doyt =f (¢(k) b, (k) Ik Yk

me ™m

70 05 Kl
Here, 1ty and ¢ are the angles of reinforcement of the facings and the core, ey, gy, and I/(lk) are the ratios of
the modulus of elasticity to the shear modulus, and Poisson’s ratios for the facings. The remaining parameters
are given above.

8. Algorithms of Mixed Numerical-Analytical Methods for Solution of the Problems. The
analytical solution given in Sec. 7 is exact for rectangular plates and shallow panels with hinged edges and
is asymptotically exact for calculation of the frequencies of the higher modes of vibrations of nonshallow
shells of revolution depending little upon boundary conditions. However, this statement is valid only in the

case where the forces flo“z]k) corresponding to the initial static loading are determined exactly. The problem of
determining such forces with the required degree of accuracy can be solved by one of the known numerical
methods, which suggests a numerical-analytical algorithm for solving the general problem of investigating the
dynamlc characteristics of sandwich structures of the class considered. In accordance with this algorithm, the

forces T(k) are determined by numenca.l solution of equations describing the initial static equlibrium of the

structures, while the coeflicients p(k) appearing in (7.4) are calculated by (7.5) and (7.6).

The derived formula (7.8) for determining eigenfrequencies can also be used as a structural formula
in using the mixed analytical-computational-experimental approach proposed in [6], which requires the
identification of the parameters m, n, and 0 appearing in (7.8) which are not identified in the framework
of this approach.
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